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FIXED AND VARIABLE-BASIS FUZZY CLOSURE
OPERATORS
JOAQUI´N LUNA-TORRES
Escuela de Matema´ticas, Universidad Sergio Arboleda, Colombia
Abstract. Closure operators are very useful tools in several areas of
classical mathematics and in general category theory. In fuzzy set the-
ory, fuzzy closure operators have been studied by G. Gerla (1966). These
works generally define a fuzzy subset as a mapping from a set X to the
real unit interval, as a complete and complemented lattice. More re-
cently, Y. C. Kim (2003), F. G. Shi (2009), J. Fang and Y. Yue (2010)
propose theories of fuzzy closure systems and fuzzy closure operators in
a more general settings, but still using complemented lattices.
The aim of this paper is to propose a more general theory of fixed and
variable-basis fuzzy closure operators, employing both categorical tools
and the lattice theoretical fundations investigated by S. E. Rodabaugh
(1999), where the lattices are usually non-complemented. Besides, we
construct topological categories in both cases.
0. Introduction
It is well-known that the associated closure and interior operators provide
equivalent descriptions of set-theoretic topology; but this is not generally
true in other categories, consequently it makes sense to define and study the
notion of closure operators C in the context of fuzzy set theory, where we
can find categories in a lattice-theoretical context.
Closure operators are very useful tools in several areas of classical mathe-
matics, and particularly in category theory. In fuzzy set theory, fuzzy closure
operators have been studied by Gerla and others, (see e.g. [3]). These works
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generally define a fuzzy subset as a mapping from a set X to the real unit
interval [0, 1], as a complete and complemented lattice.
More recently, [2], [5] and [8] propose theories of fuzzy closure systems and
fuzzy closure operators in a more general settings, but using complemented
lattices.
The aim of this paper is to propose a more general theory of fixed and
variable-basis fuzzy closure operators, employing both categorical tools and
the lattice theoretical fundations investigated in [6] and [4], where the lat-
tices are usually non-complemented.
The paper is organized as follows: Following [6] and [4] we introduce, in
section 1, the basic lattice theoretical fundations. In section 2, we present
the concept of fixed-basis fuzzy closure operators and then we construct
a topological category (FBCO-SET, U), next in section 3 we present the
concept of variable-basis fuzzy closure operators and then we construct a
topological category (VBCO-SET, U).
In section 4, we study some additional stability properties of closure oper-
ators, that is idempotent and additive closure operators. Finally in section
5, we present some examples of various classes of closure maps.
1. From Lattice Theoretic Foundations
Let (L,≤) be a complete, infinitely distributive lattice, i.e. (L,≤) is a
partially ordered set such that for every subset A ⊂ L the join
∨
A and
the meet
∧
A are defined, moreover (
∨
A) ∧ α =
∨
{a ∧ α) | a ∈ A} and
(
∧
A) ∨ α =
∧
{a ∨ α) | a ∈ A} for every α ∈ L. In particular,
∨
L = ⊤
and
∧
L = ⊥ are respectively the universal upper and the universal lower
bounds in L. We assume that ⊥ 6= ⊤, i.e. L has at least two elements.
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1.1. Complete quasi-monoidal lattices. The definition of complete quasi-
monoidal lattices introduced by S. E. Rodabaugh in [6] is the following:
A cqm−lattice (short for complete quasi-monoidal lattice) is a triple
(L,6,⊗) provided with the following properties
(1) (L,6) is a complete lattice with upper bound ⊤ and lower bound
⊥.
(2) ⊗ : L×L→ L is a binary operation satisfying the following axioms:
(a) ⊗ is isotone in both arguments, i.e. α1 6 α2, β1 6 β2 implies
α1 ⊗ β1 6 α2 ⊗ β2;
(b) ⊤ is idempotent, i.e. ⊤⊗⊤ = ⊤.
The category CQML comprises the following data:
(a) Objects: Complete quasi-monoidal lattices.
(b) Morphisms: All SET morphisms, between the above objects, which
preserve ⊗ and ⊤ and arbitrary
∨
.
(c) Composition and identities are taken from SET .
The category LOQML is the dual of CQML, i.e. LOQML = CQMLop.
1.2. GL−monoids. A GL−monoid (see [4]) is a complete lattice enriched
with a further binary operation ⊗, i.e. a triple ( L,≤,⊗) such that:
(1) ⊗ is isotone, commutative and associative;
(2) ( L,≤,⊗) is integral, i.e. ⊤ acts as the unity: α⊗⊤ = α, ∀α ∈  L;
(3) ⊥ acts as the zero element in ( L,≤,⊗), i.e. α⊗⊥ = ⊥, ∀α ∈  L;
(4) ⊗ is distributive over arbitrary joins, i.e. α⊗ (
∨
λ βλ) =
∨
λ(α⊗βλ),
∀α ∈  L,∀{βλ : λ ∈ I} ⊂  L;
(5) ( L,≤,⊗) is divisible, i.e. α ≤ β implies the existence of γ ∈  L such
that α = β ⊗ γ.
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It is well known that every GL−monoid is residuated, i.e. there exists a
further binary operation “7−→” (implication) on  L satisfying the following
condition:
α⊗ β ≤ γ ⇐⇒ α ≤ (β 7−→ γ) ∀α, β, γ ∈  L.
Explicitly the implication is given by
α 7−→ β =
∨
{λ ∈  L | α⊗ λ ≤ β}.
If X is a set and L is a GL-monoid (or a complete quasi-monoidal lattice),
then the fuzzy powerset LX in an obvious way can be pointwise endowed
with a structure of a GL-monoid (or of a complete quasi-monoidal lattice).
In particular the L-sets 1X and 0X defined by 1X(x) = ⊤ and 0X(x) = ⊥
∀x ∈ X are respectively the universal upper and lower bounds in LX .
1.3. Powerset operator foundations. We give the powerset operators,
developed and justified in detail by S.E. Rodabaugh in [6] and [7]. Let
f ∈ SET (X,Y ), L,M ∈ |CQML|, φ ∈ LOQML(L,M), and ℘(X),
℘(Y ), LX , MY be the classical powerset of X, the classical powerset of
Y , the L-powerset of X, and the M -powerset of Y , respectively. Then the
following powerset operators are defined:
(1) f→ : ℘(X)→ ℘(Y ) by f→(A) = {f(x) | x ∈ A}
(2) f← : ℘(Y )→ ℘(X) by f←(B) = {x ∈ X | f(x) ∈ B}
(3) f→L : L
X → LY by f→L (a)(y) =
∨
f(x)=y a(x)
(4) f←L : L
Y → LX by f←L (b) = b ◦ f
(5) ∗φ : L→M by ∗φ(α) =
∧
{β ∈M | α 6 φop(β)}
(6) 〈∗φ〉 : LX →MX by 〈∗φ〉(a) = ∗φ ◦ a
(7) 〈φop〉 :MX → LX by 〈φop〉(b) = φop ◦ b
(8) (f,Φ)→ : LX →MY by (f,Φ)→ (a) =
∧
{b | f→L (a) 6 (Φ
op) (b)},
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(9) (f,Φ)← : MY → LX by (f,Φ)← (b) = Φop ◦ b ◦ f, in other words,
that diagram
X Y
L M
✲
f
❄
(f,Φ)←(b)
❄
b
✛
Φop
is commutative.
Note that these operators were defined taking into account the Adjoint func-
tor theorem. Consequently, we have that f→, f→L , and (f,Φ)
→ are left
adjoints of f←, f←L , and (f,Φ)
←, respectively.
2. Basic properties of fixed-basis fuzzy closure operators
Definition 2.1. Given L an object of the category CQML, a closure opera-
tor C of the category SET (of sets and functions between them) with respect
to L is given by a family C = (cX)X ∈ |SET | of maps cX : L
X → LX such
that for every set X:
(C1) (Extension) u 6 cX(u) for all u ∈ L
X ;
(C2) (Monotonicity) if u 6 v in L
X , then cX(u) 6 cX(v);
(C3) (Lower bound) cX(0X) = 0X .
Definition 2.2. A fuzzy C-space is a pair (X, cX ) where X is a set and cX
is a closure map on X.
Definition 2.3. A function f : X → Y in SET is said to be C-continuous
if
f→L
(
cX(u)
)
6 cY
(
f→L (u)
)
for all u ∈ LX . (1)
Proposition 2.4. The C-continuity condition can equivalently be expressed
as
cX
(
f←L (v)
)
6 f←L
(
cY (v)
)
for all v ∈ LY . (2)
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Proof. Condition (1) gives that, for v ∈ LY and u = f←L (v),
f→L
(
cX(f
←
L (v))
)
6 cY
(
f→L (f
←
L (v))
)
6 cY (v),
then
cX
(
f←L (v)
)
6 f←L
(
cY (v)
)
.
On the other hand, condition (2) gives that, for u ∈ LX and v = f→L (u),
cX(u) 6 cX
(
f←L (f
→
L (u))
)
6 f←L
(
cY (f
→
L (u)))
)
,
then
f→L
(
cX(u)
)
6 cY
(
f→L (u)
)
.

Proposition 2.5. Let f : X → Y and g : Y → Z be two C-continuous
functions then the function g ◦ f is C-continuous.
Proof. Since f : X → Y is C-continuous, we have
f→L
(
cX(u)
)
6 cY
(
f→L (u)
)
for all u ∈ LX ,
it follows that
g→L
(
f→L
(
cX(u)
))
6 g→L
(
cY
(
f→L (u)
))
,
now, by the C-continuity of g,
g→L
(
cY
(
f→L (u)
))
6 cZ
(
g→L
(
f→L (u)
))
therefore (
g ◦ f
)→
L
(
cX(u)
)
6 cZ
(
g ◦ f
)→
L
(u)

as a consequence we obtain
Definition 2.6. The category FBCO-SET of C-spaces comprises de follow-
ing data:
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(1) Objects: pairs (X, cX), where X is a set and cX is a clousure map
on X.
(2) Morphisms: Functions which are C-continuous.
2.1. The lattice structure of all closure operators. We consider the
collection
C
(
SET,L
)
of all closure operators on SET with respect to the complete quasi-monoidal
lattice L. It is ordered by
C 6 D ⇔ cX(u) 6 dX(u), for all set X, and for all u ∈ L
X .
This way C
(
SET,L
)
inherents a lattice structure from L:
Proposition 2.7. Every family
(
Cλ
)
λ ∈ Λ
in C
(
SET,L
)
has a join
∨
λ∈Λ
Cλ
and a meet
∧
λ∈Λ
Cλ in C
(
SET,L
)
. The discrete closure operator
CD =
(
cDX
)
X∈|SET |
is the least element in C
(
SET,L
)
, and the trivial closure operator
CT =
(
cTX
)
X∈|SET |
with
(
cTX
)
(u) =
{
1X for all u 6= 0
0X if u = 0X
is the largest one.
Proof. For Λ 6= ∅, let C˜ =
∧
λ∈Λ
Cλ, then
C˜X =
∧
λ∈Λ
CλX ,
where X is an arbitrary set, satisfies
• u 6 c˜X(u), because u 6 cλX (u) for all u ∈ L
X and for all λ ∈ Λ.
• If u1 6 u2 in L
X then cλX (u1) 6 cλX (u2) for all λ ∈ Λ, therefore
c˜X(u1) 6 c˜X(u2).
• Since cλX (0X) = 0X for all λ ∈ Λ, we have that c˜X(0X) = 0X .
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Similary
∨
λ∈Λ
CλX , CTX and CDX are closure operators.

Consequently,
Corollary 2.8. For every set X
CL(X) = {cX | cX is a closure map on X}
is a complete lattice.
2.2. Initial closure operators. Let (Y, cY ) be an object of the category
FBCO-SET, and let X be a set. For each function f : X → Y we define on
X the map
cXf : L
X → LX by cXf = f
←
L ◦ cY ◦ f
→
L (3)
i.e. the following diagram is conmutative
cXf
LX LY
LX LY
✲
f→
L
♣
♣
♣
♣
♣
♣
♣
♣
❄ ❄
cY
✛
f←
L
Proposition 2.9. The map (3) is a closure map on X for which the function
f is C-continuous.
Proof.
1) (Extension) cXf (u) = f
←
L
(
cY
(
f→L (u)
))
> f←L
(
f→L (u)
)
> u,
therefore u 6 cXf (u)
2) (Monotonicity) u1 6 u2 in L
X implies f→L (u1) 6 f
→
L (u2)
then cY
(
f→L (u1)
)
6 cY
(
f→L (u2)
)
, consequently
cXf (u1) =
(
f←L
(
cY
(
f→L (u1)
)))
6
(
f→L
(
cY
(
f→L (u2)
)))
= cXf (u2).
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3) (Lower bound) cXf (0X) = f
←
L
(
cY
(
f→L (0X)
))
= 0X .
Finally
f→L
(
cXf (u)
)
= f→L
(
f←L
(
cY
(
f→L (u)
)))
6 cY
(
f→L (u)
)
for all u ∈ LX .

It is clear that cXf is the finner map on L
X for which the function f is
C-continuous, more precisaly.
Proposition 2.10. Let (Z, cZ) and (Y, cY ) be objects of FBCO-SET, and
let X be a set. For each function g : Z → X and for f : (X, cXf )→ (Y, cY ) a
C-continuous function, g is C-continuous if and only if f◦g is C-continuous.
Proof. Suppose that f ◦ g is C-continuous, i. e.
cZ
(
(f ◦ g)←L (v)
)
6
(
(f ◦ g)←L cY (v)
)
for all v ∈ LY . Then, for all u ∈ LX , we have
g←L
(
cXf (u)
)
= g←L (
(
f←L ◦ cY ◦ f
→
L )(u)
)
= (f ◦ g)←L
(
cY ((f
→
L (u))
)
> cZ
(
(f ◦ g)←L f
→
L (u))
)
= cZ
(
(g←L ◦ f
←
L ◦ f
→
L )(u)
)
> cZ
(
g←L (u)
)
.

Proposition 2.11. Let X be a set, let (Yj , cYj ) be a family of fuzzy C-spaces,
where j ∈ J for some indexed set J , and let fj : X → Yj be functions. Then
the structured source (X, fj : X → Yj) w.r.t the forgetful functor U from
FBCO-SET to SET has a unique initial lift
(
(X, cˆX )→ (Yj, cYj )
)
, where cˆX
is the join
∨
λ∈Λ
cfj of all initial closure maps cfj w.r.t. fj, where j ∈ J .
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Proof. We must show that for every object (Z, cZ) of FBCO-SET, each
function g : Z → X is C-continuous iff fj ◦ g is C-continuous, for all j ∈ J .
In fact,
g←L
( ∨
j∈J
cfj (u)
)
= g←L
( ∨
j∈J
(
f←j ◦ cfj ◦ f
→
j
)
(u)
)
=
∨
j∈J
g←L
((
f←j ◦ cfj ◦ f
→
j
)
(u)
)
>
(
fj ◦ g
)←(
cYj (f
→
j (u))
)
> cZ
(
(fj ◦ g
)←(
f→j (u)
))
> cZ
(
g←L (u)
)
.

Now, remember that
Definition 2.12. (Ada´mek [1] and Rodabaugh [7]) Category A is topological
with regard to X and functor V : A → X iff eah V -structured source in X
has a unique, initial V -lift in A. We may also say that A is topological over
X with regard to functor V .
As a consequence of corollary (2.8), proposition (2.9) and proposition
(2.11), we obtain
Theorem 2.13. The concrete category (FBCO-SET,O) over SET is a
topological category.
3. Basic properties of variable-basis closure operators
In this section we consider a subcategory D of CQML in order to construct
fuzzy variable-basis closure operators on the category SET ×D that has as
objects all pairs (X,L), where X is a set and L is an object of D, as mor-
phisms from (X,L) to (Y,M) all pairs of maps (f, φ) with f ∈ SET (X,L)
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and φ ∈ CQML(L,M), identities given by id(X,L) = (idX , idL), and com-
position defined by
(f, φ) ◦ (g, ψ) = (f ◦ g, φ ◦ ψ).
Definition 3.1. A closure operator of the category SET ×D is given by a
family
C = (cXL)(X,L)∈|SET×D| of maps cXL : L
X −→ LX that satisfies the
requeriment:
(C1) (Extension) u 6 cX(u) for all u ∈ L
X ;
(C2) (Monotonicity) if u 6 v in L
X , then cX(u) 6 cX(v);
(C3) (Lower bound) cX(0X) = 0X .
Definition 3.2. A fuzzy variable-basis C-space is a triple (X,L, cXL), where
(X,L) is an object of SET ×D and cXL is a closure map on (X,L).
Definition 3.3. A morphism (f, φ) : (X,L) −→ (Y,M) in SET ×D is said
to be fuzzy c-continuous if
(f, φ)→
(
cXL(u)
)
6 cYM
(
(f, φ)→(u)
)
for all u ∈ LX . (4)
Proposition 3.4. Condition (4) is equivalent to
cXL
(
(f, φ)←(v)
)
6 (f, φ)←
(
cYM(v)
)
for all v ∈MY . (5)
Proof. Condition (4) gives that, for v ∈MY and u = (f, φ)←(v),
(f, φ)→
(
cXL(u)
)
= (f, φ)→
(
cXL(f, φ)
←(v)
)
6 cYM
(
(f, φ)→(f, φ)←(v)
)
6 cYM (v),
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then
cXL
(
(f, φ)←(v)
)
6 (f, φ)←
(
cYM (v)
)
.
On the other hand, condition (5) gives that, for u ∈ LX
cXL(u) 6 cXL
(
(f, φ)←(f, φ)→(u)
)
6 (f, φ)←
(
cYM
(
(f, φ)→(u)
))
,
then (f, φ)→(cXL(u)) 6 cYM
(
(f, φ)→(u)
)

Proposition 3.5. Consider two fuzzy c-continuous morphisms
(f, φ) : (X,L) −→ (Y,M) and (g, ψ) : (Y,M) −→ (Z,N) be , then the
morphism (g, ψ) ◦ (f, φ) is fuzzy c-continuous.
Proof. Since (f, φ) : (X,L) −→ (Y,M) is c-continuous we have
(f, φ)→(cXL(u)) 6 cYM
(
(f, φ)→(u)
)
for all u ∈ LX ,
it follows that
(g, ψ)→
(
(f, φ)→
(
cXL(u)
))
6 (g, ψ)→
(
cYM
(
(f, φ)→(u)
))
,
now, by the fuzzy c-continuity of (g, ψ),
(g, ψ)→
(
cYM
(
(f, φ)→(u)
))
6 cZN
(
(g, ψ)→
(
(f, φ)→(u)
))
,
therefore(
(g, ψ) ◦ (f, φ)
)→(
cXL(u)
)
6 cZN
((
(g, ψ) ◦ (f, φ)
)→
(u)
)
.

As a consequence we obtain
Definition 3.6. The category VBCO-SET that has as objects all triples
(X,L, cXL) where (X,L) is an object of SET × D and cXL : L
X −→ LX
is a fuzzy closure map, as morphisms from (X,L, cXL) to (Y,M, cY M ) all
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pairs of fuzzy c-continuous functions (f, φ) : (X,L, cXL) −→ (Y,M, cYM ),
identities and composition as in SET ×D
3.1. Initial variable-basis closure operator. Let (Y,M, cYM ) be an ob-
ject of the category VBCO-SET and let (X,L) be an object of the category
SET ×D.
For each morphism (f, φ) : (X,L) −→ (Y,M) in SET × D we define on
(X,L) the map cˆXL : L
X −→ LX by
cˆXL = (f, φ)
← ◦ cYM ◦ (f, φ)
→ (6)
i.e the following diagram is conmutative
cˆXL
LX MY
LX MY
✲
(f,φ)→
♣
♣
♣
♣
♣
♣
♣
♣
♣
❄ ❄
cYM
✛
(f,φ)←
Proposition 3.7. The map (6) is a closure map on (X,L) for which the
morphism (f, φ) is fuzzy c-continuous
Proof.
1) (Extension) For every u ∈ LX ,
cˆXL(u) = (f, φ)
←
(
cYM
(
(f, φ)→(u)
))
> (f, φ)←(f, φ)→(u) > u,
therefore u 6 cˆXL(u).
2) (Monotonicity) u1 6 u2 in L
X implies (f, φ)→(u1) 6 (f, φ)
→(u2),
then cYM
(
(f, φ)→(u1)
)
6 cYM
(
(f, φ)→(u2)
)
,
consequentently
cˆXL(u1) = (f, φ)
←
(
cYM
(
(f, φ)→(u1)
))
6 (f, φ)←
(
cYM
(
(f, φ)→(u2)
))
= cˆXL(u2)
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3) (Lower bound)
cˆXL(0X) = (f, φ)
←
(
cYM
(
(f, φ)→(0X )
))
= 0X .
Finally,
(f, φ)→
(
cˆXL(u)
)
= (f, φ)→
(
(f, φ)←
(
cYM((f, φ)
→(u))
))
6 cYM
(
(f, φ)→(u))
)
, for all u ∈ LX .

It is clear that cˆXL is the finest map on L
X for which the morphism (f, φ)
es fuzzy c-continuous, more precisely
Proposition 3.8. Let (Z,N, cZN ) and (Y,M, cYM ) be objects of the category
VBCO-SET and let (X,L) be an object of SET × D. For each morphism
(g, ψ) : (Z,N) −→ (X,L) of SET ×D and for (f, φ) : (X, cˆXL) −→ (Y, cY N)
a fuzzy c-continuous morphism, (g, ψ) is a fuzzy c-continuous morphism if
and only if (f, φ) ◦ (g, ψ) is fuzzy c-continuous.
Proof. Suppose that (f, φ) ◦ (g, ψ) is fuzzy c-continuous, that is
cZN
((
(f, φ) ◦ (g, ψ)
)←
(v)
)
6
(
(f, φ) ◦ (g, ψ)
)←(
cY N(v)
)
for all v ∈ LY .
Then for all u ∈ LX , we have
(g, ψ)←
(
cˆXL(u)
)
= (g, ψ)←
(
(f, φ)←
(
cYM ((f, φ)
→(u))
))
=
(
(f, φ) ◦ (g, ψ)
)←(
cYM((f, φ)
→(u))
)
> cZN
(
(f, φ) ◦ (g, ψ)
)←(
(f, φ)→(u)
)
= cZN(g, ψ)
←
(
(f, φ)←(f, φ)→(u)
)
>
(
(g, ψ)←(u)
)

As in theorem (2.13), we have
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Theorem 3.9. The concrete category (VBCO-SET, U) over SET ×D is a
topological category.
3.2. Closed and dense fuzzy sets.
Definition 3.10. An L-fuzzy subset u of X is called c-closed in (X,L) if
it is equal to it is closure, i.e, cXL(u) = u. The fuzzy c-continuity condition
(4) implies that c-closedness is preserved by inverse images.
Proposition 3.11. Let (f, φ) : (X,L, cXL) −→ (Y,M, cY M) be a morphism
in VBCO-SET. If v ∈MY is c-closed then (f, φ)←(v) is c-closed in (X,L).
Proof. If v = cYM(v), for v ∈ M
Y , then (f, φ)←(v) = (f, φ)←
(
cYM (v)
)
>
cXL
(
(f, φ)←(v)
)
, so cXL
(
(f, φ)←(v)
)
= (f, φ)←(v) 
Definition 3.12. An L-fuzzy subset u of X is called c-dense in (X,L) if it
is c-closure is 1X .
Proposition 3.13. Let (f, φ) : (X,L, cXL) −→ (Y,M, cY M) be an epimor-
phism in VBCO-SET. If u ∈ LX is (f, φ)→(u) is c-dense in (Y,M).
Proof. It cXL(u) = 1X then
1Y = (f, φ)
→(1X) = (f, φ)
→
(
cXL(u)
)
6 cYM
(
(f, φ)→(u)
)

3.3. C-closed morphisms.
Definition 3.14. A morphism (f, φ) : (X,L, cXL) −→ (Y,M, cYM ) between
fuzzy variable-basis c-spaces is fuzzy c-closed if
cYM
(
(f, φ)→(u)
)
6 (f, φ)→
(
cXL(u)
)
for all u ∈ LX . (7)
Proposition 3.15. Let (f, φ) : (X,L, cXL) −→ (Y,M, cYM ) and
(g, ψ) : (Y,M, cY M) −→ (Z,N, cZN ) be two fuzzy c-closed morphisms, then
the morphism (f, φ) ◦ (g, ψ) is fuzzy c-closed.
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Proof. Since (f, φ) : (X,L, cXL) −→ (Y,M, cY M) is fuzzy c-closed, we have
cYM
(
(f, φ)→(u)
)
6 (f, φ)→
(
cXL(u)
)
for all u ∈ LX ,
it follows that
(g, ψ)→
(
cYM
(
(f, φ)→(u)
))
6 (g, ψ)→
(
(f, φ)→
(
cXL(u)
))
now, by the fuzzy c-closedness of (g, ψ),
cZN
(
(g, ψ)→(v)
)
6 (g, ψ)→
(
cYM(v)
)
for all v ∈ LY ,
in particular for v = (f, φ)→(u),
cZN
(
(g, ψ)→((f, φ)→(u))
)
6 (g, ψ)→
(
cYM((f, φ)
→(u))
)
therefore
cZN
((
(g, ψ) ◦ (f, φ)
)→
(u)
)
6 (
(
(g, ψ) ◦ (f, φ)
)→(
cXL(u)
)

If we replace in the category VBCO-SET fuzzy c-continuous morphisms
by fuzzy c-closed morphisms, we obtain another topological category. The
morphisms (f, φ) : (X,L, cXL) −→ (Y,M, cYM ) between fuzzy variable-basis
c-spaces which are bijective, fuzzy c-continuous and c-closed, forms a group.
We can say that a way of seeing fuzzy variable-basis topology is studying
invariants of the action of these groups aver the category SET ×D.
4. Idempotent and additive closure operators
Definition 4.1. The closure operator C = (cX)X ∈ |SET | of definition (2.1)
is called idempotent if the condition
cX
(
cX(u)
)
= cX(u) for all u ∈ L
X
holds for every set X.
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Proposition 4.2. Let C = (cY )Y ∈ |SET | be an idempotent closure operator.
Then the initial closure operator C = (cXf )X ∈ |SET | defined by
cXf = f
←
L ◦ cY ◦ f
→
L for each function f : X → Y
is also idempotent.
Proof. Suppose that C = (cY )Y ∈ |SET | is an idempotent closure operator
and let f : X → Y be a function. Then
cXf ◦ cXf = (f
←
L ◦ cY ◦ f
→
L ) ◦ (f
←
L ◦ cY ◦ f
→
L )
= (f←L ◦ cY ) ◦ (f
→
L ◦ f
←
L ) ◦ (cY ◦ f
→
L )
6 f←L ◦ (cY ◦ cY ) ◦ f
→
L
= f←L ◦ cY ◦ f
→
L
= cXf .
On the other hand, the monotonicity condition of closure operators implies
that
cXf 6 cXf ◦ cXf .

By using similar arguments, we can proof that
Proposition 4.3. Let C = (cXL)(X,L)∈|SET×D| be an idempotent closure
operator. Then the initial closure operator cˆXL : L
X −→ LX , defined by
cˆXL = (f, φ)
← ◦ cYM ◦ (f, φ)
→,
for each morphism (f, φ) : (X,L) −→ (Y,M) in SET×D is also idempotent.
Definition 4.4. The closure operator C = (cX)X ∈ |SET | of definition (2.1)
is called
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(1) Additive if the condition
cX(u ∨ v) = cX(u) ∨ cX(v) for all u, v ∈ L
X
holds for every set X.
(2) Fully additive if the condition
cX(
∨
λ∈Λ
uλ) =
∨
λ∈Λ
cX(uλ) for all {uλ | λ ∈ Λ} ⊆ L
X
holds for every set X.
Proposition 4.5. Let C = (cY )Y ∈ |SET | be a fully additive closure operator.
Then the initial closure operator C = (cXf )X ∈ |SET | defined by
cXf = f
←
L ◦ cY ◦ f
→
L for each function f : X → Y
is also fully additive.
Proof. Suppose that C = (cY )Y ∈ |SET | is a fully additive closure operator
and let f : X → Y be a function. Then, for all {uλ | λ ∈ Λ} ⊆ L
X ,
cXf (
∨
λ∈Λ
uλ) = f
←
L
(
cY
(
f→L (
∨
λ∈Λ
uλ)
))
=
∨
λ∈Λ
(f←L
(
cY
(
f→L (uλ)
))
=
∨
λ∈Λ
cXf (uλ).

By using similar arguments, we can proof that
Proposition 4.6. Let C = (cXL)(X,L)∈|SET×D| be a fully additive closure
operator. Then the initial closure operator cˆXL : L
X −→ LX , defined by
cˆXL = (f, φ)
← ◦ cYM ◦ (f, φ)
→,
for each morphism (f, φ) : (X,L) −→ (Y,M) in SET × D is also fully
additive.
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5. Some examples of closure operators
Example 5.1. Let X = {x} be a single point set and L = [0, 1] be the
usual unit interval. The maps cn : L
X → LX defined by cn(t) = t
1
n , for
n = 1, 2, · · · are closure maps, from which just c1 and c∞ = lim
n→∞
t
1
n are
idempotent.
For a GL−monoid  L and for an  L-topology τ ⊆  LX , we define
cX(u) =
∧
v∈τ
{v 7−→ 0X | u 6 v}.
These maps produce a closure operator of the category SET.
Example 5.2. Let X = {x} be a single point set and  L be the set of all
positive divisor of 12. It is clear that  L, ordered by
a 6 b if and only if ′′a is divisor of b′′,
is a GL−monoid, where a⊗ b = m.c.d{a, b}.
If τ = {1, 2, 12} then
cX(1) = 1; cX(2) = 12; cX(3) = 3;
cX(4) = 12; cX(6) = 12; cX(12) = 12
produces an idempotent closure map.
Example 5.3. Let X = {x} be a single point set and  L be the set of all
positive divisor of 36.  L, as in the previous example, ordered by
a 6 b if and only if ′′a is divisor of b′′,
is a GL−monoid, where a⊗ b = m.c.d{a, b}.
The non-idempotent closure map cX :  L→  L defined by
cX(1) = 1; cX(2) = 2; cX(3) = 6;
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cX(4) = 4; cX(6) = 18; cX(9) = 9;
cX(12) = cX(18) = cX(36) = 36
produces an  L-topology
τ = {a 7−→ 1 | cX(a) = a} = {1, 4, 9, 36}.
Example 5.4. Let µ be a fuzzy subgroup of a group G. Acording to Theorem
1.3 of [9], the fuzzy normalizer N(µ) of µ is a subgroup of G and µ is a fuzzy
normal subgroup of the group N(µ). Therefore
c(µ) =
∧
{η | η 6 µEG}, for all G in the category GRP of all groups
define the fuzzy normal closure operator of groups, which is idempotent.
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FIXED AND VARIABLE-BASIS FUZZY CLOSURE
OPERATORS
JOAQUI´N LUNA-TORRES
Escuela de Matema´ticas, Universidad Sergio Arboleda, Bogota´, Colombia
Abstract. Closure operators are very useful tools in several areas of
classical mathematics and in general category theory. In fuzzy set the-
ory, fuzzy closure operators have been studied by G. Gerla (1966). These
works generally define a fuzzy subset as a mapping from a set X to the
real unit interval, as a complete and complemented lattice. More re-
cently, Y. C. Kim (2003), F. G. Shi (2009), J. Fang and Y. Yue (2010)
propose theories of fuzzy closure systems and fuzzy closure operators in
a more general settings, but still using complemented lattices.
The aim of this paper is to propose a more general theory of fixed and
variable-basis fuzzy closure operators, employing both categorical tools
and the lattice theoretical fundations investigated by S. E. Rodabaugh
(1999), where the lattices are usually non-complemented. Besides, we
construct topological categories in both cases.
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